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1. PRELIMINARIES 
Let E be a Banach space. Consider the following differential inclusion (DI): 
Denote by Sol(F, ~0) the solution set of (l), w h ere F is the right-hand side, while ~0 is the initial 
condition. When the right-hand side is clear, we will write Sol(zc). 
Given a closed set K c E, we are looking for initial conditions ~0 E K such that 3 x(.) E Sol(rcc) 
such that z(t) E K, V t E [0, co). The set of all such initial conditions will be called viability 
kernel of (1) and will be denoted by ViabF(K), when the right-hand side F is clear we will simply 
write Viab(K). It is easy to see that if 20 E Viab(K), then the solution z(.) c K belongs in fact 
to Viab(K). When K is a closed set, we have that Viab(K) is also closed. 
Further, we will need the following assumptions. 
ASSUMPTION Al. The multimap F from E into E admits convex compact values and is USC 
with a linear growth. 
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ASSUMPTION A2. There exists a continuous Kamke function w(.), i.e., w(0) = 0 and the unique 
solution of 9 = w(s) s(O) = 0 is s G 0, such that 
P(F(4) 5 w(P(A)h 
for every bounded A, where /?(.) is the Hausdorff measure of noncompactness, see 111, for instance. 
ASSUMPTION A3. F(.) is (locally) Lipschitz. 
Define the duality map J(Z) = (1 E E* : (I,z) = /z12, III = 1x1). 
ASSUMPTION A4. The dual space E’ is uniformly convex. F(s) is ROSL, i.e., there exists 
a constant L such that a(J(z - y), F(z)) - o(J(z - y), F(z)) L: L/z - yj2, where o(1,A) = 
max,,A(l, a) is the support function. 
In the paper, we present some results of the existence of viable kernels for differential inclusions 
in Banach spaces. Compared with the according results in finite-dimensional spaces, ours use 
weaker conditions. 
We introduce the following subsets of the boundary 6’K of K: 
K+ = {z E 8K : F(z) n TK(z) = S}, 
K* = {z E 6’K : F(z) n Tag =# 0}, 
K, = {CC E dK : F(z) n TK\&) =# 0). 
Let z(.) be a trajectory (solution) of (l), i.e., z(.) E Sol(.) (we will denote in such a way the 
solution set, when the initial condition ~0 is not given). Denote by 
TK(z(.)) = inf{t > 0 : x(t) $ K}, 
TK(XO) = sup{q&(.)) : Z(.) E sol(Zo)}. 
On the boundary of K, we will consider 
K,(F) = {z. E 8K : Vx E Sol(xo) + ~~(x(.)) = 0}, 
K,(F) = (~0 E dK : 32 E Sol(x,,)‘r~(x(.)) = O}. 
Obviously, K, c K,. The following theorem stated in [2] is valid also in our case. 
THEOREM 1. Let K be closed convex set in E and let F satisfy Al and A2. If K, is closed and 
nonconnected set, then 
(a) the viability kernel ViabF(K) is nonempty; 
(b) if moreover K, is a finite union of closed connected sets, every connected component of 
K\Viab(K) contains one and only one connected component of K, 
The proof given in [3] is true (except trivial modifications) also in our case. 
DEFINITION 1. A closed subset of a (metric) space X is said to be retract of X if there exists 
a continuous function f : X H M such that f(x) = x Vx E M. We said that M c X is a 
strong deformation retract of X if there is a homotopy h : X x [0, l] +-+ X such that h(z, 0) = 2, 
h(h, 1) E M, for every 2 E X, and h(z, t) = z for each x E M and t E [O,l]. 
2. THE RESULTS 
In this section, we present the result in the paper. The following proposition is stated in [4] 
and it is proved in [5] in case of finite-dimensional space, using the existence of (locally) Lipschitz 
selection of a locally Lipschitz multifunction. Unfortunately, it is not the case in the infinite- 
dimensional spaces. 
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PROPOSITION 1. Let F satisfy Al and A3 and let K be a closed subset of E such that K, = K, 
is closed. If K, is not a strong deformation retract of K, then problem (1) has a viable (on 
[0, co)) solution, i.e., ViabF(K) # 0. 
PROOF. Suppose the contrary, i.e., there are no solutions of (1) which stay in K on [0, co). From 
Theorem 3.2 of [6], we know that there exists a continuous selection f (single valued) of a map 
z,-, H Sol(~). Define a homotopy H : K x [0, l] +-+ K by H(xo, A) = f(~~W~(xo>)). 
CLAIM. H(., .) is continuous. The proof of the claim is sufficiently closed to the proof of Propo- 
sition 1.8 of [5] and is presented here for reader convenience. 
Indeed, from Lemma 4.2.2 of [7], we know that TK(.) is USC as a real valued function. We have 
to prove that it is LSC, i.e., Vz(.) E Sol(K),v~ > 0,36 > 0 such that TK(z(.)) > TK(z(.)) - E, 
v.z(.) E Sol(K) with 1.z - z[c < 6. 
If TK(zr(.))--E < 0, then we are done. So let TK(z(.))--E > 0. Let I.z~(.)~(.)~c < l/n on [O,TK(Z)] 
and TK(z,(.)) 5 TK(z(.)) --E. P assing to subsequence TK(z,(,)) H t’ E [0, TK(z(.)) --E]. However, 
lx(to) - z,(n)1 H 0 as n H co. This implies that s(to) E K, = K,, because K, 3 z,(Q(z,(.))) 
is a closed set. Hence, to = TK(z(.))-contradiction. 
Notice that H(zo,O) = zg,V)zg E K, H(zo,l) E Ker’v’xo E K, and H(zo,X) = ~co,Vcco E 
K,,\JX E [0, I]. Therefore, H is a strong deformation of K onto K,-contradiction with the fact 
that K, is not strong deformation retract. I 
Denote by A(X) the Tech homology functor (cf. [8, p. 1221). 
PROPOSITION 2. Let K be-a‘closed subset, of E and let F : E H E satisfy Al and A4. If 
K, = K, is closed, then k(K\Viab(K)) and k(K,) are isomorphic. 
The proof is the same as the proof of Theorem 2.1 of [5]. One has only to check that due to 
Theorem 1 of [9] if 2, + 50, then Sol H Sol(z0). 
LEMMA 1. For every F(.) satisfying Al and at least one of the other three conditions K, c 
K,cK,. 
The proof is quite similar of the proof of Lemma 3.1 of [3] and is omitted. 
PROPOSITION 3. (See [3, Proposition 3.11.) Let K be a closed set and let F satisfy Al and 
(around x E K,\K,) A4. 
(1) If F(x) n (DK(X) Uz\K,(z)) = 8, then z E K,. 
(2) If F(x) n DK(z) = 0 or if F(x) n TK, = 0, then z $ KS. 
Here DK(X) = {v E E : 3a: > 0 z + t(w + CYB) c K, Vt E (0, cy)} (B is the closed unit ball 
in E). DK(z) is said to be Dubovitski-Milutin tangent cone and DK(z) = E\Tm(x). 
The following theorem is Theorem 3.1 of [lo] presented, however, here under much weaker 
conditions. 
THEOREM 2. Let F : E H E satisfy Al and A4 and let K be a closed nonempty set. If x0 E 
v, then th ere exists a solution ZE(.) E Sol(~) with x(t) E K, Vt 10 and z(t) E aViab(K) 
for every t E [0, t’] (t’ = mintz(t) E dK). Moreover, ‘v’x(.) with x(t) E K, Vt satisfies this 
condition. 
PROOF. Suppose the contrary. Let x(.) b e a solution, satisfying z(t) E K and z(T) E int Viab(K) 
for some T > 0 and x([O,T]) c int KnintViab(K). From Theorem 2 of [ll], we know that 3 1 > 0 
such that t’yo E K,Zly(.) E Sol(y0) such that y(t) E x(t)-t-llyo-zojB, Vt E [O,T]. Thus, 3a > 0 
such that Vy E (50 +crB)\Viab(K) =+ y([O,T]) c K and y(T) E Viab(K). However, there exists 
y(.) E Sol(y(T)) with y(t) E K, Vt 2 0. Define the trajectory 
z(s) = Y(S), for s 5 T, 
y(s), for s 2 T. 
Obviously, z(t) E K, Vt > 0. It is a contradiction with the fact that yo $ Viab(K). I 
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Consider the case E E R”. Assume G(.) is LSC with compact (nonnecessarily convex) images 
which is bounded on the bounded sets. Let e’(z) = n,,,,cOG(z + EB). Obviously, the map 
&(.) satisfies Al. The following theorem is an analogy of Theorem 5.1 of [2,3] in case of ROSL 
multifunctions. 
THEOREM 3. Let K be a compact set which is equal to the closure of its interior. 
(1) If V’a: E dK, C?(z) n TK(z) = 0 and if G(.) is ROSL with nonpositive constant, then the 
viability kernel Viab(K, G) # 0. 
(2) If V’z E dK, G(z) n TK(x) = 0, then the viability kernel Viab(K, 6:) # 0. 
PROOF. We are going to prove (1). From Theorem 5.1 of [2], we know that the viability kernel 
Viabe # 0. Ob viously, the viability kernel is a subset of s K, since otherwise we have 
contradiction with the conditions in (1). Since Viab(K, &) is closed, one has that there exists 
E > 0 such that min,EaKdist(a),Viabg(K) > E. From Theorem 1 of [9], we know that the 
solution set of 
k(t) E G(x), z(O) E Viab(K) (2) 
is dense with respect to C(I, E) topology on every compact interval [0, T] in the solution set of 
k(t) E qx:), z(O) E Viab(K). (3) 
Obviously, we can choose a solution z(.) of (2) with z(T) E intK such that dist(z(T), Viab&K)) 
< c/2. Let 6 be its projection on Viab&K). Afterwards, we will take a solution y(s) of (3) 
on [T,2T] with y(T) = 6. and ~(27’) E intK. C onsequently, there exists a solution yl(.) of (3) 
such that [y(t) - yl(t)l 5 s/2, b ecause the ROSL constant is not positive. Due to Theorem 1 
of [9], there exists a, solution XI(.) of (2) ( ex ension of x(.)) with 1x1(t) - yl(t)j < .5/4. Hence, t 
dist(zl(t),Viab(K,G)) < 3&/4. One can continue by induction to obtain a solution z(.) of (2) 
defined on [0, oo). 
We will prove (2) in the same way. Now we will follow the proof of Theorem 4.1 of [3]. First, 
we will prove that the viability kernel Viab-e(K) # 8. Indeed, let z(.) be a solution of (2), when 
G is replaced by -G defined on [O,T] which go out of K for t > 2’. Therefore, it implies that, 
denoting 7 = T - t one will have that there exists y(s) such that y(0) = z(T) and G(T) E G(~(T)) 
remaining in K on [0, T]-contradiction. Since every solution of (2) is also a solution of (3), one can 
show that the viability kernel Viab-e(K) # 0, b ecause -G(.) satisfies Al. Due to Theorem 4.1 
of [2], one has that Viab&K) # 0. I 
PROPOSITION 4. Let K = ink and let F(.) satisfy Al and A3 be such that each trajectory 
starting from intK and reaching 8K leaves K immediately. Let S = (x0 E aK : 3 to and 
x(.) E Sol(x0) with x(t) E intK, t E [0, to). Let 2 c intK U S be arbitrary. If 2 n S is a 
strong deformation retract (retract) of S but not of 2, then (1) has a solution, i.e., there exists 
a trajectory starting from Z\S and remaining in intK. 
PROOF. Suppose the contrary. Let f be a continuous selection of the map 20 H Sol(zo), which 
exists thanks to Theorem 3.2 of [6]. D enote its values as fzO(.). Define as in the proof of 
Proposition 1 the homotopy H : 2 x [0, l] + Z in such a way H(xo, X) = fz0(X7-~(zo)). Hence, 
H maps Z into H(Z x 1). As it is shown in [5], Q-K(.) is continuous (the proof presented there 
holds also in our case). Let h : S x [0, l] b e a homotopy with h(.,O) = id deformating S onto 
Z n S. Let m : Z x [0, l] --+ Z be defined by 
1 
H(xo, 2% 
m(xo, t) = 
forO<t<i, 
h(H(x0, l), 2t - l), for f < t 5 1. 
Consequently, m deformates Z onto Z n S-contradiction. 
Consider that the case Z n S is not a retract of Z and assume that problem (1) does not have 
a solution. Let r be the retraction of S on Z n S. Define r(H(., 1)) : Z --+ Z n S; we obtain that 
Z n S is a retract of Z. I 
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